Hidden entanglement at the Planck scale: loss of unitarity and the information paradox 
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We discuss how relaxing the requirement of locality for quantum fields can equip the Hilbert space of the the- 
ory with a richer structure in its multi-particle sector. A physical consequence is the emergence of a "planckian" 
mode-entanglement, invisible to an observer that cannot probe the Planck scale. To the same observer, certain 
unitary processes would appear non-unitary. We show how entanglement transfer to the additional degrees of 
freedom can provide a potential way out of the black hole information paradox. 



Introduction. — The phenomenon of black hole quantum ra- 
diance discovered by Hawking yj] is a typical effect due to the 
propagation of quantum fields on curved space. Vacuum fluc- 
tuations on a Schwarzschild background lead to the creation 
of entangled pairs of particles inside and outside the horizon. 
The spectrum of particles observed outside the horizon is the 
Hawking radiation. As it is well known, the semiclassical 
understanding of black hole evaporation seems to be in con- 
trast with the rules of ordinary quantum mechanics yfl. An 
evaporating black hole loses its mass, shrinks and eventually 
disappears. The emitted radiation is in a thermal state, i.e., a 
highly mixed state. If the black hole was formed starting from 
a pure quantum state, at the end of the evaporation process, 
all we are left with is a mixed state. This conclusion violates 
the unitarity of evolution of closed quantum states, one of the 
basic pillars of quantum mechanics. Such a contradiction is 
known as the black hole information paradox. The problem 
can be clearly stated in the framework of quantum informa- 
tion theory. The radiation consists of entangled pairs, that can 
be approximatively seen as Bell pairs. One member of the 
pair is inside the horizon, while the other one is outside. All 
these qubits are entangled with respect to the bipartition {in- 
side the horizon)-(outside the horizon). When the evaporation 
process is completed, the particles originally outside the hori- 
zon would be entangled with nothing because the bipartition 
has disappeared. It follows that either the fundamental the- 
ory is not unitary, or the entanglement has to decrease to zero 
during the evaporation. 

Proposals to solve the above problem have invoked a leak 
of information through the horizon via some non-local effect 
(see, e.g. yfl). Indeed, locality appears to be only an ap- 
proximate concept in a quantum gravity framework. This is 
mainly due to the difficulty in constructing observables that, 
in a certain limit, reproduce the familiar observables of local 
quantum field theory (QFT) ]4|, |5l |6[] . Moreover, holographic 
arguments suggest that a strict locality requirement for quan- 
tum observables can not survive the introduction of dynamical 
gravitational effects |7|] . 

In this letter, we show how violations of locality in QFT 
can endow the Hilbert space of the theory with a richer struc- 
ture and with degrees of freedom accessible only to processes 



which can resolve planckian scales. The entanglement present 
during the black hole evaporation process can then be trans- 
ferred from the original in-out bipartition to a new bipartition 
outside the horizon. We argue that mode entanglement be- 
tween "planckian" modes and ordinary "macroscopic" modes 
could help escaping the puzzling conclusions of the informa- 
tion paradox. 

Non-locality, quantum symmetries, and momentum depen- 
dent statistics. — If one is willing to adhere to some non- 
locality paradigm, as discussed above, then the natural ques- 
tion is whether there exist some modification of local QFT, 
whose features are qualitatively different in contexts like, for 
example, particle production in the presence of an horizon. 
Lower dimensional QFT models provide some useful insights 
in this regard. Non-local currents are well studied objects 
in 2-dimensional QFT and their associated charges exhibit a 
non-trivial algebraic structure which is described in terms of 
quantum groups [8]. The emergence of algebraic structures 
more complex than ordinary Lie algebras can be traced back 
to the possibility of relaxing one of the assumptions of the 
Coleman-Mandula theorem, namely the requirement that the 
charges (symmetry generators) act on multi-particle states as 
derivatives, i.e., following a generalized Leibnitz rule. As it 
will be discussed in what follows, such property is intimately 
related to the Lie algebra structure of the generators of sym- 
metries, their (adjoint) action on observables of the theory, 
and ultimately, to locality. It has been argued [9] that relaxing 
the requirement of locality in a controlled way naturally leads 
to generalizing the description of the space-time symmetries 
of quantum fields to the realm of quantum groups. Quantum 
fields with quantum group symmetries provide in turn a pos- 
sible framework for non-commutative field theories (see, e.g. 
Iiolfllln . Here we elaborate on the argument given in |0] and, 
focusing on a specific example, we discuss the non-trivial fea- 
tures that distinguish the new model from ordinary local QFT. 

The Hilbert space of a linear scalar field is usually de- 
scribed in terms of "plane-wave" state vectors (the "wave- 
modes" of the field) labeled by their eigenvalues with respect 
to the space-translation generators. In the usual picture, such 
translation generators are identified with the charges associ- 
ated to the translational symmetry of the classical theory. In 
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particular such charges are suitable integrals of the quantized 
Noether currents. The fact that they generate the symmetry 
is most easily seen using the Ward identity involving the cur- 
rent and a product of n-fields [12]. Integrating such identity, 
one finds that the action of the translation generators P M on a 
basis "mode" vector \k) — a^(k) |0) is given in terms of the 
conserved charges fl^ by 



p M > |fc) = fe„|£) = [n M , a t(fc)]|o) 



(i) 



From a mathematical point of view, the commmutator on the 
right hand side represents the adjoint action of the (Lie) alge- 
bra of translation generators on the algebra of creation opera- 
tors. Additivity of the translation generators on multiparticle 
states immediately follows from the well known property of 
the commutator 



[A, B x B 2 ...B n ] = B 1 ...[A, Bi]...B n . 



(2) 



In 2d quantum integrable models, the complete non- 
perturbative knowledge of the S-matrix leads to the construc- 
tion of non-local charges whose action on multi-particle states 
is non-additive [8]. Such behavior reveals an algebraic struc- 
ture described by quantum algebras instead of ordinary Lie 
algebras. In J^t] it was argued that an analogous situation 
might occur for the generators of spacetime symmetries in 
QFT when their associated charges experience an intrinsic 
non-locality determined by dynamical gravity. To understand 
how quantum deformations of the algebra provide a gener- 
alization of the Leibnitz rule and of the adjoint action (dJ 
we note that for a translation generator the action on a ten- 
sor product (two-particle) state is described by the operator 
A(°)(P M ) = P p <g> 1 + 1 <8> P M . In general, given a quan- 
tum deformed algebra, with deformation parameter h, such 
operator becomes A(P M ) = A(°>(P M ) + /iAW(P M ) + 0{h 2 ) 
with the important property that given the "flip" operator 
a : <j(a ® b) = b <E> a one has A(P M ) o <r ^ A(P jU ). The 
adjoint action is defined by 



P M > \k) = (id ®S)A(P M )ooT(fc)|0), 



(3) 



Note how 



where (P ® G) o a = FaG and S(P^) = 
hS^(P^) + 0(h 2 ) with S(°)(P^) = -P p 
S(P^) provides a deformed inversion map (involution). In the 
case h = 0, one recovers the usual adjoint action ([TJ of the 
Poincare (Lie) algebra. The deformed quantum algebra cap- 
tures the gravity-induced non-local effects that would mani- 
fest in Planck-scale suppressed corrections to the classical ad- 
joint action (Q]i 



(0|P M o|fc) = (0|[P„,ot(fc)]|0) 



(4) 



+a 1 E- 1 F^(k)+0(E- 2 ) 



if one identifies the deformation parameter h with E~ 1 , the 
inverse Planck energy Jgl] . 

In this letter we will focus on the particular example of the 



K-Poincare algebra, a well known quantum Poincare algebra 
with deformation parameter h = 1/k II 1311 . For spatial mo- 
menta one has 



A(P) = P, ® 1 



-P /k 



P. 



(5) 



while the time-translation generator still acts according to the 
Leibnitz rule. Only recently a satisfactory understanding of 
the basic properties of free scalar quantum fields with such k- 
symmetries has been reached The most peculiar feature 
of the Hilbert space of K-bosons is that they obey a momen- 
tum dependent statistics arising from the non-trivial structure 
of the multi-particle sector of the theory. Such structure is a 
direct consequence of the "non-symmetric" form of ©. Take 
for example the two states \pi) ® \p 2 ) and \p 2 ) <8> \pi). Unlike 
the undeformed case they now have two different eigenval- 
ues of the linear momentum, respectively pi 
and p i2 +e~ 
particle state 



-Poi/f 



P02/K 



Pt2 



pn. Clearly the usual "symmetrized" two- 



1/V2(|pi) ® \p 2 ) + \p 2 ) ® 



(6) 



is no longer an eigenstate of the momentum operator. Rather, 
given two modes p\ and p 2 , we have two different k- 
symmetrized two-particle states 



\P1P2) 



\P2Pl) K 



1 
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|p 2 ) + |(l-ei)p 2 ) 



(7) 



V2 



(l-e 1 (l-e 2 ))- 1 2 ? 1 > 



[\p2)®\pi) + \(l-e 2 )pi) 
(l-e 2 (l-e 1 ))- l p 2 )), 



(8) 



with e> 



_ m 



The fine structure of n-Hilbert space and mode 
entanglement. — The construction of QFT using the de- 
formed symmetries described above induces a radical 
modification in the number of degrees of freedom of the sys- 
tem. We show here how the new fine structure of the Hilbert 
space is determined by the splitting in the linear momenta 
between quantum states with different mode ordering. For the 
sake of simplicity, let us focus on the two-mode state case. 
We have already seen that the states \pip 2 ) K and \p 2 p\) K are 
not identical. In fact they are orthogonal for every finite n, as 
it can be verified by taking the scalar product 



(P1P2 \P2P1) 



^ (3) (e 2 pi) x 



J(3) 



-e 2 ) 
l-ei(l-e 2 ) 



I>2 



(9) 



In the undeformed case (k — > 00) we recover the indistin- 
guishability of the two states, i.e., (p 2 pi \pip 2 ) K = 1. The two 
states can be distinguished by measuring the splitting in their 
linear momenta. The linear momentum for the state \piPj) K is 
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Pij — Pi + e Pi ^ K p"j, where p® = — /clog(l — |fTj|/«;). The 
resulting splitting is thus 

|AP 12 | = \P12-P2l\ = -|pi|p 2 | -P 2 |pi|| < -\P1\\P2\- 
K K 

(10) 

Since such splitting is a quantity of the order \pi\ 2 / n, we see 
that the states become indeed indistinguishable in the limit of 
k — ► oo. In practice, this happens when the resolution of our 
measurements is much inferior than the splitting. We can see 
that only for very high momenta the splitting becomes relevant 
for an observer that has a reasonable resolution. Neverthe- 
less, the Hilbert space has now a new degree of freedom: the 
mode of being of the type [pif>2)« or \p2Pi) K - Formally, the 
Hilbert space acquires the following tensor product structure: 
H 2 = S2H 2 ® C 2 , where S2H 2 is the standard symmetrized 
2-particle Hilbert space. We can write the two states as 

\E)®\Q) = \p lP2 ) K (11) 

\E)®\1) = \P2Pi)k (12) 

where E = E(p\) + E( P 2). The C 2 degrees of freedom 
can only be seen under a planckian "magnifying glass". Far 
from the Planck scale, this variable is hidden. Many inter- 
esting phenomena can occur because of these additional de- 
grees of freedom. First, one can have mode entanglement. 
The state of the superposition of two total "classical" ener- 
gies E A = E(p A ) + E{q A ) and E B = E{p B ) + E{q B ) 
can be entangled with the additional hidden modes. We 
could have, for instance, a superposition of the form = 
l/y/2{\E A ) ® |0) + \E B ) ® 

In the case of n particles with distinct momenta we will 
have n! orthogonal plane wave states corresponding to the 
nl different orderings. In general, 2jj ven n-particles, of 
which rii have momentum pi with Yli=i n i = n ' we de- 
note their K-symmetrized Hilbert space with H« where 
fin = (m, Ur). The number of orthogonal states in 7il" H ' ) 
is N(ritf) = nl/Yli—i n i-- For such space we can write the 
following decomposition 

nf R) s s n n n ® c n & r) (13) 

where H n — TL 1 ® Ti 1 . . . <E> Ti 1 and <S„ sums over all per- 

v ' 

n-times 

mutations of n objects. Here, Ti 1 is the usual one-particle 
Hilbert space. The n-particle Hilbert space will be given by 
= ©ni,...,n H Hi" s ' and we can thus have states containing 
up to log 2 N ebits with respect to the tensor product structure 
in d. 

Loss of unitarity and the black hole information paradox. — 
What are the implications of this construction for an ob- 
server that is unable to resolve the degrees of freedom in the 
right hand side of the tensor product in Eq.([T3l? To answer 
this question, consider a quantum system evolving unitarily, 
through a Hamiltonian H defined on the Hilbert space H™. 
The quantum evolution of the system, described by the den- 
sity matrix p(t), would read 

P (t) = U{t) P (0)U\t) (14) 



where U(t) — Te 1 . Now suppose we start with a pure 
state p(0) factorized with respect to the bipartition in 1~6" R \ 
If the unitary U (t) acts as an entangling gate, the state p(t) 
will be entangled. In order for this to happen, it is necessary 
that the Hamiltonian addresses simultaneously the degrees of 
freedom in the bipartition of Ti, !™ H ' ) . If the observer is not able 
to resolve the planckian degrees of freedom, what she will 
see is the reduced system obtained by tracing out the degrees 
of freedom in C N ^ na '. Notice that if the pure state p(0) is 
separable, also the reduced system p o b s (0) = Trp;/?(0) will 
be pure. As the system evolves, we have 

Pobs(t) = Tv PlP (t) = Tv Pl [U(t)p(0)U\t)] . (15) 

For the observer, this evolution is not unitary. We have in fact 
started with a pure state p \, s (0) and ended up with a mixed 
state p bs(t)- This is analogous to evolution in open quantum 
systems. The reduced system evolves according to a com- 
pletely positive map, taking density matrices into density ma- 
trices, but the process is not unitary. The entanglement with 
the environment makes the system dissipative 11711 . Here, the 
environment is simply constituted by those internal degrees of 
freedom that the observer cannot measure. The environment 
is not "out" there, but "in" there. What we have obtained is 
an apparent loss of unitarity, related to the incapability of the 
observer to resolve the fine structure of the deformed Hilbert 
space of the theory. We could prepare a pure state, send it 
into a unitary channel, which is able to affect the planckian 
degrees of freedom, and measure the purity of the final state. 
If the final state is not pure, it is because it is mixed with the 
degrees of freedom which we cannot resolve. But what could 
be such a channel? 

One possibility is to consider a black hole. If we believe in 
quantum mechanics, a black hole that evaporates is a unitary 
channel, but nevertheless transforms a pure state into a mixed 
state. This is the black hole information paradox. The essence 
of the paradox can be seen in the nature of the emitted ra- 
diation consisting of entangled pairs (for a recent review see, 
e-g-, lfl5ll ). The mechanism for Hawking radiation has its roots 
in the properties of the vacuum of a quantum field. Quan- 
tum fluctuations of the vacuum can create a pair of particle- 
antiparticle straddling the black hole horizon. The particles 
inside the horizon are confined in the black hole, while out- 
side particle can flow away to infinity. Particle creation will 
produce states of the type 

\i>)i = Ce^\Q) bi \Q) Ci (16) 

where C is a normalization constant and 7 < 1. Here, the hi 
modes live inside the horizon, while the q modes are outside 
the horizon. The total state is given by — ^)^Li\ip)i- We 
can write the Hilbert space for the quantum field as 

H = H in ®H out . (17) 

It is easy to see that the total state \ip) is entangled in the bipar- 
tition of this space. The evolution for the partial state p ou t{t), 
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outside the black hole will not be unitary. When at time 1 1 the 
whole black hole has completely evaporated, the full system 
will be described by the density matrix p ou t(tf), representing 
a mixed state. Here we see that starting with a pure state we 
end up with a mixed one even if the evolution is unitary, thus 
leading to a contradiction. 

Let us now assume, as a possible way out, the existence of 
a quantum process that completely disentangles the state 
with respect to the natural bipartition before the black hole has 
completely evaporated. We suggest here that the deformed 
structure of the Hilbert space described in (13[ renders such 
a process viable. Let us consider the creation of n pairs with 
distribution in momenta rt^ at a certain stage of black hole 
evaporation. Their Hilbert space can be written as 

H = H in (8 {S n H n ® C N ^) out = Ha®H b ®H c (18) 

The dynamics of the process can be then seen as induced by 
an Hamiltonian of the form 

H = H AB +H AC +H BC . (19) 

The first term Hab describes the process of particle creation. 
The other two terms are new. Now, let us assume that the 
three terms in Eq.(fT9l> act at different times: in the inter- 
vals (tg, ti), (t±,t2) and (t2,tf) the process is dominated by 
Hab, H ac an d Hbci respectively. Under this hypothesis, 
if we start from an initial state |0) , which is separable with 
respect to all the bipartitions in H, we will have the final state 

\^(t f )) ~ U BC {tfM) ■ U A c{h,t{) ■ U A B{ti,t o )\0). (20) 

At the beginning, the process is dominated by the first unitary 
Uab which creates an entangled pair with respect to the bipar- 
tition (A, B). Later, the second unitary Uac can completely 
disentangle the state with respect to (A, BC), i.e., the sep- 
aration in-out, and entangle it with respect to the bipartition 
(B,C). All the entanglement between the parties A, B has 
been transferred to the parties B, C. Finally, the last unitary 
Ubc will make the state evolve just outside of the event hori- 
zon. In this way we will have first created an entangled state 
\4')ab ®\4>)c an d then we will have completely transferred 
the entanglement to obtain a state \ipt) — \iI>)a ® \ip) bc- 

In order for this to happen, the logarithm of the dimensions 
of the Hilbert spaces Hb , He has to be greater than or equal 
to the amount of entanglement initially created in the state 
\iP)ab- A reasonable estimate of this entanglement can be 
given by the following argument. Expanding (fTol l we can 
safely estimate the amount of entanglement for any emitted 
pair with a number of order unity, since higher terms in the 
expansion will be negligible. The total entanglement of the 
state will thus be given by an entropy S oc n, where n is the 
number of emitted quanta II 1511 . On the other hand, the loga- 
rithm of the dimension of the Hilbert space He grows faster 
than n. For instance, in the sector rij = 1 Vi it will be given 
by log 2 N ~ n log 2 n and therefore all the entanglement can 
be in principle transferred. Now we can wrap up the result. 



We start with a completely separable pure state. The process 
of evaporation entangles the state in many ways, but the final 
state is a product respect to the bipartition A(B, C). The dis- 
appearance of the degrees of freedom in A does not change the 
purity of the state. Nevertheless the state is seen as a thermal 
state by an observer that is not able to resolve the Planck scale, 
because she is just observing a partial system. The whole pro- 
cess is unitary. 

Conclusions and outlook. — We have discussed how the in- 
troduction of non-local effects motivated by dynamical grav- 
ity in QFT can endow the Hilbert space of the theory with 
a richer structure. This structure renders possible entangle- 
ment between the modes of the field and allows in principle to 
"hide" the unitarity of a quantum process in the fine structure 
of the new space. As an application, we have shown that in the 
new framework entanglement can be transferred away from 
the bipartition in-out for a radiating black hole. The presence 
of this entanglement lies at the basis for the information para- 
dox. We also want to remark that the additional Hilbert space 
He outside the black hole could also be used to "lock" the 
information escaped from the black hole instead of hypothe- 
sizing a small remnant as proposed in flrjll . In this letter, we 
have not provided a physical mechanism for the entanglement 
transfer, but we merely shown that there could be "room" for 
it to happen. We hope that this might open a new avenue for 
future efforts toward a resolution of the black hole information 
paradox. 
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